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Outline

@ Basis risk with random parameters
@ Exponential utility-based pricing and hedging
@ Optimal hedging theorem

© The case QF = QV
@ Payoff decompositions and residual risk
@ Asymptotic expansions
o Malliavin method for asymptotic expansion

© Lognormal basis risk with partial information
@ Restoring a full information model via filtering

@ Exponential hedging with partial information
@ Numerical example of hedging performance
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Random parameter basis risk model

° (Q,F,P), F:=(Fr)o<i<T
° (S5,Y)=(S5 Ye)o<e<T

dS; = 02 Sy(\dt + dB?), dYy = o) Yi(\ dt + dBY)

where
BY = p:B® +\/1-p}Z°, pe€[-1,1]

[F-adapted parameters

r=20

o°,0Y, p also F-adapted

Markovian model: v; = v(t, S;, Yi), for v € {o°,0Y, A%, \Y, p}
Claim C(Y7) > 0, bounded, Fr-measurable
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Exponential valuation and hedging
Fot t € [0, T], given X; = x, portfolio wealth process is

T T
xu:x+/ 9ud5uzx+/ mu(Aodu+dB3), t<u<T
t t

where 7 := 6S. Denote by © (or ) the set of admissible 6 (or )
U(x) =exp(—ax), xeR, a>0
Given (Xt, St, Yi) = (x,s,y), primal value function is

u€(t,x,s,y) = sup Et sy [UXT — C(YT))] (1)
TE
Indifference price p(t, s, y) defined by

uC(t,x + p(t,s,y),5,y) = u°(t,x,5,y)
Denote optimal strategy for (1) by 7€. Optimal hedging strategy 7(") defined by

0

M) = nC _q
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Entropy and admissibility

P, :={Q ~ P|S is a local (@, F)-martingale}

Pos:={Q € Pe|H(Q,P) < 00} £ 0

o [dQ. dQ] ... _
H(Q,P) :=E {d—PI og dP] (if finite, else H(Q, P) := o0)
For Q € P. ¢, define P-martingale re by
re.= Zg _5(—A5-BS—¢-25), 0<t<T

Admissible strategies

©:={0|(6-5) is a (Q,F)-martingale for all Q € P s}
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Duality

Dual value function

_ . re re
o(t,n,s,y) = inf Eesy U nr% - nr%C(YT)
€ t t

where, for exponential utility
o= fur(2) 1
o o

) ~ "
i(t,n,s,y) = U(n) + EHC(Ls,y)

Q
log <F5> —aC(Y7)

Hence

where

C R Q
H(t,s,y) = Qleani,f E,

t

Primal and dual value functions conjugate, so primal problem has representation

uC(t,x, s,y) = —exp (—ax - HC(t, s,y)) 2)
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Dual control problem

t t
B .= B +/ Adu, 729:= zf+/ Yudu, 0<t<T
0 0

(¢ = 0 corresponds to @). Then, for Q € P ¢,

Q F? o 1 ’ 5y2 2
Et,syy |0g riQ = Et,s,yi/ [()‘u) + wu] du < c© (3)
t t

Let W denote set of ¢ such that (3) is satisfied. Then H is value function of
stochastic control problem

HE(t,5.9) 1= inf €9, l; / [0 42 du aC(YT)l (4)
where, under @ € PP, ¢, state variables S, Y follow
dS; = 075.dB>?
dYy; = o'V, {(/\2/ — peXd — /1 — P24y )dt + dBtY’Q]

Bl = pBY 41—}z
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Dual representation of indifference price

e For C=0,
HO(Ov ) ) = H(QE’ P)

o Write H(t,s,y) = HE(t,s, y), the “minimal entropy” value function. Then
uo(t,x,s,y) = —exp (—ax — HE(t,s,y)) (5)
Indifference price definition plus (2) and (5) give
uC(t,x,s,y) = u°(t,x,s,y) exp (ap(t,s,y))
and indifference price has entropic representation

—ap(t,s,y) = HC(t,s,y) — HE(t,s,y)
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Optimal hedging strategy

Theorem

Optimal hedge: hold 9,(3H) shares of S; at t € [0, T], where

(H) _ ap (t St, Yt) Yt 8p
0" = (8 (t,Se, Ye) + p(t, St, Yf)—S(t 5. Y:) 5. 0 (t St Yi)

Remark

Additional term ps(t, S, Y:) compared with earlier studies. Partial information
model of Section 3 is of this form, and ps(t, St, Y:) reflects additional risk induced
by parameter uncertainty.

4
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Proof.

Use HJB equation associated with primal the value function

ou¢
wre = mT?X.Ax,s’yuC =0

Compute optimal Markov control and use separable form (2) of value function, to

obtain optimal strategy as & = 7¢(t, S;, Y;), where

C o )\S 1 HE UY HE
T (ts,y) = —g= = — | s(He —aps) + p—zy(H, —ap,)

with similar form for C = 0. Apply definition of optimal hedging strategy:
0N S = 7(H) = 7€ _ 70 to get result

(Smoothness of value function proven using methods in Pham [12])

Michael Monoyios (University of Oxford) Basis risk with random parameters Princeton University, 28 March, 2009 11 / 45



Stochastic control problem for p(t,s, y) when QE = QM

@ Suppose \; = \°(t,S;), and 07 = 0°(t, S;)
@ Then infimum in (4) for C = 0 is achieved by ) = 0, so

QE _ QM
and H%(t,s,y) = HE(t,s) is given by

-
HE(l’,S) = ESSM |;/ (Af)zdu]
t

Indifference price p(t, s, y) has stochastic control representation

]
ctrn -5 | «zﬁdu]

p(t,S,_y) = sup Ethy
PeEV

subject to state dynamics
dSt = Us(t, St)stdBtS7Q

dYe = o)V [(Af—mf - 1—p%wt)dr+d8tyﬂ
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Indifference price PDE
o Define ¢(t,s,y) = \/1— p20¥yp,. HIB equation for p(t,s,y) is
oM 1,
pe+Asyp+ max gV | =0, p(T,s.y)=C(y)

Optimal Markov control is ¢ = ¢C(t, S;, Y;), where

¢C(t, Svy) = _a¢(ta Svy)

Note that « — 0 = ¢ — % =0
@ Hence p solves semi-linear PDE

M 1
pe+ ALy p+ 50«152 =0, p(T,s,y)=C(y)
For o — 0, obtain linear PDE for marginal price p", and

. M
pM(t.s.y) = lim p(t,s,y) = ES, C(Y7)
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Hedging error (residual risk) process

t
R: := p(0, So, Yo) +/ 0MdS, — p(t,S:,Y:), Ro=0 0<t<T
0

Itd and PDE for p(t,s,y) gives, with ¢, = ¢(t, Sz, Yz),
1
dR; = §a¢$dt — ¢:dZ?

Define
As = —exp(—aR;), 0<t<T

Then
Ar=—E(ap-2%),, 0<t<T

so Ais a @"-martingale (and also a P-martingale)

Michael Monoyios (University of Oxford) Basis risk with random parameters Princeton University, 28 March, 2009

14 / 45



Payoff decomposition and price representation

Integrate SDE for R over [t, T] and use definition of R (equivalently, directly use
Itd and PDE for p(t,s,y) over [t, T]):

1 T T T
C(YT):p(t,St,Yt)—Ea/ ¢5du+/ ¢udzf+/ 0 ds, (6)
t t t

Expectation under @ given (S;, Y;) = (s,y) gives
Lemma

Indifference price satisfies

ple5.) = PM(05) + S0, [ (S Ve 7

with

¢(t7 Sl’7 Yt) = \/ 1- P%Ug’ Ytpy(ta Sta Yt)7 0 S t S T
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Follmer-Schweizer-Sondermann decomposition

Let & — 0 in payoff decomposition (6) (or directly use PDE for p™ and It8) to
obtain

T T
C(Yr) = pM(t, S, Yt)+/ ¢uMde+/ oMds,
t

t
where

0{.\/’ (t St, Yt) + pt (t St, Yt) 0 <t< T

S
is the marginal hedging strategy and

¢{‘V’ = V 1- p%UrYtp}//w(ta Sh Yi’)’ 0<t<T
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Small risk aversion expansion

Denote v
V(ta S, y) = Vargs,y[C(YT)]

Theorem

The indifference pricing function p(t,s,y) has the asymptotic expansion

p(t,5,y) = p(2,5,y) + 50 [v(t,5,5) ~ S (0" - S)je ] + 0(0?)

t,s,y
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Proof.

Write
p(t,s,y) = pM(t,s,y) + apM(t,s,y) + O(a?)

Apply to indifference price representation (7) to obtain

1 _m [T
pU(t,s,y) = 5B, / (o) du
t

But from FSS decomposition, compute

v T
W(t,s,y) = EZ, / [(6M)% + (6M)?] du

and result follows

Higher order corrections computable
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Invariance principle for Malliavin calculus

o Wiener space (Q, F, (Ft)o<t<T P)

e Q=C([0,T]), w:[0, T] = R, Wi(w) = w(t) is BM and P is Wiener
measure

For continuous, bounded square-integrable process ¢, define
t
cb::/ ©2du, 0<t<T
0

For € € R, define measure P€ on (2, F) by

dPe
dP

Me:=E&(ep- W)t

Under P¢, W — e® is BM, so for square-integrable Brownian functional F
(Fr-measurable mapping F : Q — R with EF?(W) < o), we have invariance
principle

EF(W)=EF(W —ed) = E[F(W — ed)l] (8)

Malliavin calculus arises because we can differentiate (8) w.r.t. e ate =0

Michael Monoyios (University of Oxford) Basis risk with random parameters Princeton University, 28 March, 2009 19 / 45



Application to indifference price optimisation problem
Simplify notation: take t = 0, relabel @ — P

1 T
C(Yr) - Z/o wfdt]

p=supkE
(

subject to
dy, = oY Kat —y/1— p%"t/)t> dt + pedBy + /1 — pfdzt]
dSt = UfstdBt

Idea is to consider 1) as a perturbation: write

€pr = =t

for some small parameter €. Then

VP E 5,
— = —p° =, if we choose €
! @

2:=q
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Re-formulated problem

For simplicity, take o>, Y p constant. Then control problem is

€ 1 T 2
C(YT)—5/0 At

p=supkE
]

subject to

dys = o¥vs [a(t, S, YOVt + pdB; + /1 — p2(dZ: + epedt)
dS; = 0°S.dB;

where we write Y€ to emphasise dependence on ¢
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Invariance principle

Look for measure P€ such that
Law (Y<; P) = Law (Y?; P9)

So define P¢€ by

dpPe¢ .
P Elep-Z)r =T
Then 1 1
~ [EC(v5) — EC(Y®)] = <E [(F 1) C(¥Y) ©)
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Lemma

Function e — EC(Y%) is differentiable at e = 0, with

d

)
Rl =E|CO®) [ ez
€ 0

Proof.
Use

1 T
E(F—l)—»/ pedZy, inLpase—0
0

Establishes (10) in view of (9) and C bounded
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Then, from (10)

E +...

17, o o [T 1T,

(12)
Recall FSS decomposition, which in the current notation reads as

C(Y?) = EC(OYD) + (M- 2)7 + (0" - S)7

Then (12) becomes
4 1
E / <6¢yﬁpt - 2%7?) dt
0

+ ...

1 T
C(Y$) - 5/0 wfdt] =EC(YY)+E

Maximise by choosing ¢ = €™, to obtain
0 1, T M2
p=EC(YT)+5€E [ (¢¢)"dt
0
and result follows from FSS decomposition, since

var[C(Y2)] = E /0 [(6¢")? + (6")?] dt
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Lognormal model under partial information

e 0°>0,0Y >0,p € [1,1], known constants, inferred from (S), (Y),(S,Y)

° /\5,)\Y are Fo-measurable random variables, so would be known constants if
agent had access to filtration F

@ In full information (completely observable) model, hedger uses F-adapted
strategies

@ In partial information model, hedger uses ﬁ—adapted strategies, where Fis
filtration generated by S, Y
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Perfect correlation case

If correlation perfect p =1, \Y = X%, and perfect hedge is

YY, 8
AP 7 Tt I Bt v oY), 0<t<T
USStay (7 t: O )a = =

BS-style hedge does not require knowledge of A\°, Y
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Completely observable incomplete case

If p # 1, indifference price at t € [0, T], is pF(t, Y:), where
1 M
pr(ty) = 7 log EQ [exp (a(1 = p))C(YT))[ Ye=y]  (13)
o(1—p?)
Under QM, Y follows

dY, = oY Yi[(\Y — pAS)dt + dB) Q"

Optimal hedging strategy Af given by

Asymptotic expansion of (13) in powers of € := a(1 — p?)

P (6y) = ETH(YD)| Ve = vl + pevan® [h(Y7)|Ye = 1] + O()

Requires knowledge of A%, \Y
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Partial information case

A%, \Y are random variables with some prior distribution

1 [tdS 1 [taY,
s u S S Y u Y Y
= — =X\t+B = =\"t+ B
& oS Jo S, e & oY /0 Y, t
o 1 S 1 1 Y, 1
S t S Y t Y
& = g log (—0) + 50’ t, & = P2 log <Vo> + 50’ t
Consider

_ (&
t - Y |» OSt§T7
&

as observation process in Kalman-Bucy filter: noisy observations of “signal

- (2)

process’
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Prior

Observation filtration T := (ﬁr)ogth

Fe=o(,Y0<u<t), 0<t<T

Assume Gaussian prior: R
Law(A|Fo) = N(Ao, Vo)

S S ¢ .
/\0—<0), VO_(ch Vg,), o := pmin(vy,vy) (14)

@ Motivation: agent uses data before time zero to make point estimate of A,
and uses distribution of estimator as prior

o With historical data for £€° (¢Y) over interval ts (ty), then unbiased estimator
of A is Gaussian according to (14) with Aj = X/, and v{ = 1/t;, for i = S, Y
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Observation and signal SDEs

0

1 0 B;?
D_<p 1—p2) Bt_(ng>

Optimal filter Kt = E[/\|.7?t],0 <t < T, is two conditional expectations

d=,; = Adt + DdB,, dA = <0>

where

No=EN|F], 0<t<T, i=SY

Conditional variances and covariance

vio= E[(A’—ng‘ﬁ], 0<t<T, i=S,Y
e = E[(M AN =)\ A, o<e<T
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Covariance matrix

S
vt;:<Vf C;), 0<t<T

Ct V;

Well known that (V;)o<:<T is deterministic. Introduce notation

S .Y

M. — o2
me == min(vy,v)), M;:=max(v;,v)), b= S e

1—p?

Kalman-Bucy filter to converts the partial information model to an equivalent full
information model
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Proposition

Effective full information model on (Q,]/-'\T,ﬁ, P)

dS, = 055, (A3 dt + dB?), dY,=0c"Y:(\) dt + dB)) (15)

Q Fori,je{S,Y}, if mg=vi <v{): Mo, then

S _AEmosl 5 < M pNy+ bo(& — pE])
N o— A T Mot )\j — oM = 0 0 t t 1
t 1+ mot ’ t— P 1+ bot ( 6)
e Ifmo :Vg = VOY = Mo, then
SO ;
N e =Sy -
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Proposition, continued..

Proposition

S

Functions v°,vY | c given by

vf;:mt, VJ;:Mt, Ct = pmy, ifm0:v6<vj=Mo, i,je{S,Y} (18)

and
vi=vl=mi=M;, c=pm, ifmy=v5=vy =M, (19)
with bo
mo
= — by = 0t T 20
e I met’ ' 1+bgt’ == (20)

v
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Proof

By Kalman-Bucy filter, A satisfies
dAe = Ve (DDT) 7' (d=¢ — Aedt) =: Ve (DDT) " dN,, Ao=Ny  (21)

Innovations process

Using this and

d St - O'SSt —
Yt a O'YYt -t

gives dynamics (15) of S, Y in observation filtration
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Proof, continued
Matrix V; satisfies Riccati equation

dV, -1
dtt =-V;(DDT) "V,
with Vj given in (14). Then F; := Vt_1 satisfies Lyapunov equation
dFt 7\ 1
— = (DD

solved to give (18), (19) and (20). Use these in filtering equation (21) to get
Q Fori,je{S, Y}, if my=vi<vl=M,,
d\. = medBl = my(d¢i — Nidt), Ny =\,
d(NL = pX) = be(dB{ ~ pdB) = beld(&] — p&;) — (M — pA})dt]
with /):{) = )\{)
Q Ifmozvg:vg/:/\/lo,

d\o = medBl = m(dgi — Nidt), M=\, i=S,Y

From these SDEs obtain (16) and (17)
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Summary

Abusing notation, we have

A =25(850),
)\f = )\S(t, St),

B\\f = /)\\S(t, St, Yt)a

d\$ = m.dBS,
d\;? = m:dB?,

oS Y
if vg < vqg
S — Y
if vg = vqg
S Y
if vg > vg

dAY — pd$ = by(dBY — pdBS), if v < vy
d\Y = m:dB/,

if vg = v

d\Y = mdBY, dX\$ — pd\Y = b(dBS — pdB)), ifvs>vY

Intuition: estimation of drift of (geometric) Brownian motion depends only on

length of time interval for which it is observed
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Exponential hedging in effective full information model

@ We have model with random drifts given by (23) and (24) (in limit
v> — 0,vY — 0, we recover standard full information model)

@ So simply make replacements
F—F, B —B, XN, ie{S, Y}

in Markovian basis risk model with random parameters

@ For explicit results, consider case in which
ve <vg & X =A5(t,S))

so that QF = QV, and take ¢°,¢Y, p constant

@ Marginal price and hedge computable in closed form since, under Q¥ log Y7
is Gaussian

Michael Monoyios (University of Oxford) Basis risk with random parameters Princeton University, 28 March, 2009 37 /45



Lognormal distribution for Y+

Proposition
Under QM, conditional on S; = s, Y; = y, log Y7 ~ N(p, £2), where
p=p(t,s,y) and £2 = ¥2(t) are given by
~ ~ 1
mU(t,S, y) = |Ogy + UY <)\Y(t,5’ .y) - p)‘s(tvs) - EUY> (T - t)
Y2(t) = [14+Q—p2)b(T —t)] ()T —t)

with by = m, if vy = v

Gives BS-style formulae for marginal price and hedge. Higher order corrections
easily computable too
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Proof.
Use It6 and SDEs for Y and AY — pAS under QM: for t < T,

Yr Ty = 1 T o
log - = aY/ (AUY - pxﬁ) du— = (Y (T —t) + oY/ dBY-?"  (25)
Y t 2 t

t

where BY-Q" = pBS:Q 1 /1 — p2ZS. Dynamics of AY — pA? under QM are

dO\Y — pA?) = \/1— p?b,dZ?

Hence, for u > t, after changing the order of integration in a double integral, we
have

T T
/ (R — o88) du= (R —3) (T - )+ VI~ 22 _pz/ bo(T — u)dZS
t t

Insert into (25) to yield result
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Numerical experiments

o Simulation study: generate asset price paths over [—ty, T] (so take v{ = v§)

@ Use data over [—to, 0] to estimate drifts, and so set prior at time 0

e Sell put at time 0 for pM(0, So, Yo) and optimally hedge over [0, T],
incorporating updating from filtering

@ Generate terminal hedging error, and repeat over many paths to generate
terminal hedging error distribution

o Compare with BS-style hedge, and also with results in absence of filtering
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Parameters

to =1, ot=1/504 T =1

S+ =80, Y_, =280

N =03, 0°=02 A =04 0Y=025 p=0.75
a=001, K=100

Basis risk with random parameters
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Using marginal price and associated hedge

Table: Hedging error statistics (as percentage of premium): (So) = 84.88, (Yo) = 86.25,
(pd"y =19.98, ()"y = —0.5885; (p5°) = 19.96, (AF®) = —0.8397; (p)'") = 19.75,
(AT = —0.6284

Mean SD Median
Optimal Hedge 0.1948 0.5141 0.1834
BS Hedge 0.1143 0.6674 0.0873

Unfiltered Hedge 0.1613 0.5623 0.1567
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With higher correlation, p = 0.9

Table: Hedging error statistics, p = O 9. (So) = 84.90, (Yo) =86.31, (p}') = 19.75,
(0) = —0.7325; (pFS) = 10.91, (AFS) = —0.8414; (p)'F) = 19.64, (ANF) = —0.7547

Mean SD Median
Optimal Hedge 0.1416 0.3948 0.1014
BS Hedge 0.1116 0.4413 0.0678

Unfiltered Hedge 0.1226 0.4004 0.0846
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Further questions

@ General case, with random parameters and QF # QM

@ Relationship with risk tolerance, and general representation for asymptotic
expansions when dom(U) =R
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