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Random parameter basis risk model

(Ω,F ,P), F := (Ft)0≤t≤T

(S ,Y ) = (St ,Yt)0≤t≤T

dSt = σS
t St(λS

t dt + dBS
t ), dYt = σY

t Yt(λY
t dt + dBY

t )

where

BY = ρtBS +
√

1− ρ2
t Z S , ρt ∈ [−1, 1]

F-adapted parameters

r = 0

σS , σY , ρ also F-adapted

Markovian model: νt ≡ ν(t,St ,Yt), for ν ∈ {σS , σY , λS , λY , ρ}
Claim C (YT ) ≥ 0, bounded, FT -measurable
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Exponential valuation and hedging
Fot t ∈ [0,T ], given Xt = x , portfolio wealth process is

Xu = x +

∫ T

t

θudSu = x +

∫ T

t

πu(λS
u du + dBS

u ), t ≤ u ≤ T

where π := θS . Denote by Θ (or Π) the set of admissible θ (or π)

U(x) := exp(−αx), x ∈ R, α > 0

Given (Xt ,St ,Yt) = (x , s, y), primal value function is

uC (t, x , s, y) := sup
π∈Π

Et,x,s,y [U(XT − C (YT ))] (1)

Indifference price p(t, s, y) defined by

uC (t, x + p(t, s, y), s, y) = u0(t, x , s, y)

Denote optimal strategy for (1) by πC . Optimal hedging strategy π(H) defined by

π(H) := πC − π0
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Entropy and admissibility

Pe := {Q ∼ P|S is a local (Q,F)-martingale}

Pe,f := {Q ∈ Pe |H(Q,P) <∞} 6= ∅

H(Q,P) := E

[
dQ

dP
log

dQ

dP

]
, (if finite, else H(Q,P) :=∞)

For Q ∈ Pe,f , define P-martingale ΓQ by

ΓQ
t :=

dQ

dP

∣∣∣∣
Ft

= E(−λS · BS − ψ · Z S ), 0 ≤ t ≤ T

Admissible strategies

Θ := {θ|(θ · S) is a (Q,F)-martingale for all Q ∈ Pe,f }
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Duality
Dual value function

ũ(t, η, s, y) := inf
Q∈Pe,f

Et,s,y

[
Ũ

(
η

ΓQ
T

ΓQ
t

)
− η

ΓQ
T

ΓQ
t

C (YT )

]

where, for exponential utility

Ũ =
η

α

[
log
( η
α

)
− 1
]

Hence
ũ(t, η, s, y) = Ũ(η) +

η

α
HC (t, s, y)

where

HC (t, s, y) := inf
Q∈Pe,f

E Q
t,s,y

[
log

(
ΓQ

T

ΓQ
t

)
− αC (YT )

]
Primal and dual value functions conjugate, so primal problem has representation

uC (t, x , s, y) = − exp
(
−αx − HC (t, s, y)

)
(2)
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Dual control problem

BS,Q
t := BS

t +

∫ t

0

λS
u du, Z S,Q

t := Z S
t +

∫ t

0

ψudu, 0 ≤ t ≤ T

(ψ ≡ 0 corresponds to QM ). Then, for Q ∈ Pe,f ,

E Q
t,s,y log

ΓQ
T

ΓQ
t

= E Q
t,s,y

1

2

∫ T

t

[
(λS

u )2 + ψ2
u

]
du <∞ (3)

Let Ψ denote set of ψ such that (3) is satisfied. Then HC is value function of
stochastic control problem

HC (t, s, y) := inf
ψ∈Ψ

E Q
t,s,y

[
1

2

∫ T

t

[
(λS

u )2 + ψ2
u

]
du − αC (YT )

]
(4)

where, under Q ∈ Pe,f , state variables S ,Y follow

dSt = σS
t StdBS,Q

t

dYt = σY
t Yt

[
(λY

t − ρtλ
S
t −

√
1− ρ2

tψt)dt + dBY ,Q
t

]
BY ,Q

t = ρtBS,Q
t +

√
1− ρ2

t Z S,Q
t
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Dual representation of indifference price

For C ≡ 0,
H0(0, ·, ·) = H(QE ,P)

Write H0(t, s, y) ≡ HE (t, s, y), the “minimal entropy” value function. Then

u0(t, x , s, y) = − exp
(
−αx − HE (t, s, y)

)
(5)

Indifference price definition plus (2) and (5) give

uC (t, x , s, y) = u0(t, x , s, y) exp (αp(t, s, y))

and indifference price has entropic representation

−αp(t, s, y) = HC (t, s, y)− HE (t, s, y)
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Optimal hedging strategy

Theorem

Optimal hedge: hold θ
(H)
t shares of St at t ∈ [0,T ], where

θ
(H)
t =

(
∂p

∂s
(t,St ,Yt) + ρ(t,St ,Yt)

σY (t,St ,Yt)

σS (t,St ,Yt)

Yt

St

∂p

∂y
(t,St ,Yt)

)

Remark

Additional term ps(t,St ,Yt) compared with earlier studies. Partial information
model of Section 3 is of this form, and ps(t,St ,Yt) reflects additional risk induced
by parameter uncertainty.
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Proof.
Use HJB equation associated with primal the value function

∂uC

∂t
+ max

π
AX ,S,Y uC = 0

Compute optimal Markov control and use separable form (2) of value function, to
obtain optimal strategy as πC

t = πC (t,St ,Yt), where

πC (t, s, y) =
λS

σSα
− 1

α

(
s(HE

s − αps) + ρ
σY

σS
y(HE

y − αpy )

)
with similar form for C = 0. Apply definition of optimal hedging strategy:
θ(H)S ≡ π(H) = πC − π0, to get result

(Smoothness of value function proven using methods in Pham [12])
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Stochastic control problem for p(t, s, y) when QE = QM

Suppose λS
t ≡ λS (t,St), and σS

t ≡ σS (t,St)

Then infimum in (4) for C = 0 is achieved by ψ = 0, so

QE = QM

and H0(t, s, y) = HE (t, s) is given by

HE (t, s) = E QM

t,s

[
1

2

∫ T

t

(λS
u )2du

]
Indifference price p(t, s, y) has stochastic control representation

p(t, s, y) = sup
ψ∈Ψ

E Q
t,s,y

[
C (YT )− 1

2α

∫ T

t

ψ2
udu

]
subject to state dynamics

dSt = σS (t,St)StdBS,Q
t

dYt = σY
t Yt

[
(λY

t − ρtλ
S
t −

√
1− ρ2

tψt)dt + dBY ,Q
t

]
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Indifference price PDE

Define φ(t, s, y) =
√

1− ρ2σY ypy . HJB equation for p(t, s, y) is

pt +AQM

S,Y p + max
ψ

[
− 1

2α
ψ2 − φψ

]
= 0, p(T , s, y) = C (y)

Optimal Markov control is ψC
t ≡ ψC (t,St ,Yt), where

ψC (t, s, y) = −αφ(t, s, y)

Note that α→ 0⇒ ψC → ψ0 = 0

Hence p solves semi-linear PDE

pt +AQM

S,Y p +
1

2
αφ2 = 0, p(T , s, y) = C (y)

For α→ 0, obtain linear PDE for marginal price pM , and

pM (t, s, y) := lim
α→0

p(t, s, y) = E QM

t,s,y C (YT )
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Hedging error (residual risk) process

Rt := p(0,S0,Y0) +

∫ t

0

θ(H)
u dSu − p(t,St ,Yt), R0 = 0, 0 ≤ t ≤ T

Itô and PDE for p(t, s, y) gives, with φt ≡ φ(t,St ,Yt),

dRt =
1

2
αφ2

t dt − φtdZ S
t

Define
At := − exp(−αRt), 0 ≤ t ≤ T

Then
At = −E(αφ · Z S )t , 0 ≤ t ≤ T

so A is a QM -martingale (and also a P-martingale)
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Payoff decomposition and price representation

Integrate SDE for R over [t,T ] and use definition of R (equivalently, directly use
Itô and PDE for p(t, s, y) over [t,T ]):

C (YT ) = p(t,St ,Yt)− 1

2
α

∫ T

t

φ2
udu +

∫ T

t

φudZ S
u +

∫ T

t

θ(H)
u dSu (6)

Expectation under QM given (St ,Yt) = (s, y) gives

Lemma

Indifference price satisfies

p(t, s, y) = pM (t, s, y) +
1

2
αE QM

t,s,y

∫ T

t

φ2(u,Su,Yu)du (7)

with

φ(t,St ,Yt) =
√

1− ρ2
tσ

Y
t Ytpy (t,St ,Yt), 0 ≤ t ≤ T
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Föllmer-Schweizer-Sondermann decomposition

Let α→ 0 in payoff decomposition (6) (or directly use PDE for pM and Itô) to
obtain

C (YT ) = pM (t,St ,Yt) +

∫ T

t

φM
u dZ S

u +

∫ T

t

θM
u dSu

where

θM
t := pM

s (t,St ,Yt) + ρt
σY

t

σS
t

Yt

St
pM

y (t,St ,Yt), 0 ≤ t ≤ T

is the marginal hedging strategy and

φM
t :=

√
1− ρ2

tσ
Y
t YtpM

y (t,St ,Yt), 0 ≤ t ≤ T
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Small risk aversion expansion

Denote
v(t, s, y) := varQM

t,s,y [C (YT )]

Theorem

The indifference pricing function p(t, s, y) has the asymptotic expansion

p(t, s, y) = pM (t, s, y) +
1

2
α
[
v(t, s, y)− E QM

t,s,y 〈(θM · S)〉[t,T ]

]
+ O(α2)
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Proof.
Write

p(t, s, y) = pM (t, s, y) + αp(1)(t, s, y) + O(α2)

Apply to indifference price representation (7) to obtain

p(1)(t, s, y) =
1

2
E QM

t,s,y

∫ T

t

(φM
u )2du

But from FSS decomposition, compute

v(t, s, y) = E QM

t,s,y

∫ T

t

[
(φM

u )2 + (θM
u )2

]
du

and result follows

Higher order corrections computable
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Invariance principle for Malliavin calculus

Wiener space (Ω,F , (Ft)0≤t≤T ,P)

Ω = C ([0,T ]), ω : [0,T ]→ R, Wt(ω) = ω(t) is BM and P is Wiener
measure

For continuous, bounded square-integrable process ϕ, define

Φ :=

∫ t

0

ϕ2
udu, 0 ≤ t ≤ T

For ε ∈ R, define measure Pε on (Ω,F) by

dPε

dP
= Γε := E(εϕ ·W )T

Under Pε, W − εΦ is BM, so for square-integrable Brownian functional F
(FT -measurable mapping F : Ω→ R with EF 2(W ) <∞), we have invariance
principle

EF (W ) = E εF (W − εΦ) = E [F (W − εΦ)Γε] (8)

Malliavin calculus arises because we can differentiate (8) w.r.t. ε at ε = 0
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Application to indifference price optimisation problem
Simplify notation: take t = 0, relabel Q → P

p = sup
ψ

E

[
C (YT )− 1

2α

∫ T

0

ψ2
t dt

]

subject to

dYt = σY
t Yt

[(
at −

√
1− ρ2

tψt

)
dt + ρtdBt +

√
1− ρ2

t dZt

]
dSt = σS

t StdBt

Idea is to consider ψ as a perturbation: write

εϕt := −ψt

for some small parameter ε. Then

ψ2

α
=
ε2

α
ϕ2 = ϕ2, if we choose ε2 := α
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Re-formulated problem

For simplicity, take σS , σY ρ constant. Then control problem is

p = sup
ϕ

E

[
C (Y ε

T )− 1

2

∫ T

0

ϕ2
t dt

]

subject to

dY ε
t = σY Y ε

t

[
a(t,St ,Y

ε
t )dt + ρdBt +

√
1− ρ2(dZt + εϕtdt)

]
dSt = σS StdBt

where we write Y ε to emphasise dependence on ε
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Invariance principle

Look for measure Pε such that

Law (Y ε; P) = Law
(
Y 0; Pε

)
So define Pε by

dPε

dP
= E(εφ · Z )T =: Γε

Then
1

ε

[
EC (Y ε

T )− EC (Y 0
T )
]

=
1

ε
E
[
(Γε − 1) C (Y 0

T )
]

(9)

Michael Monoyios (University of Oxford) Basis risk with random parameters Princeton University, 28 March, 2009 22 / 45



Lemma

Function ε→ EC (Y ε
T ) is differentiable at ε = 0, with

d

dε
EC (Y ε

T )|ε=0 = E

[
C (Y 0

T )

∫ T

0

ϕtdZt

]
(10)

Proof.
Use

1

ε
(Γε − 1)→

∫ T

0

ϕtdZt , in L2 as ε→ 0 (11)

Establishes (10) in view of (9) and C bounded
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Then, from (10)

E

[
C (Y ε

T )− 1

2

∫ T

0

ϕ2
t dt

]
= EC (Y 0

T )+E

[
εC (Y 0

T )

∫ T

0

ϕtdZt −
1

2

∫ T

0

ϕ2
t dt

]
+. . .

(12)
Recall FSS decomposition, which in the current notation reads as

C (Y 0
T ) = EC (Y 0

T ) + (φM · Z )T + (θM · S)T

Then (12) becomes

E

[
C (Y ε

T )− 1

2

∫ T

0

ϕ2
t dt

]
= EC (Y 0

T ) + E

[∫ T

0

(
εφM

t ϕt −
1

2
ϕ2

t

)
dt

]
+ . . .

Maximise by choosing ϕ = εφM , to obtain

p = EC (Y 0
T ) +

1

2
ε2E

∫ T

0

(φM
t )2dt

and result follows from FSS decomposition, since

var[C (Y 0
T )] = E

∫ T

0

[
(φM

t )2 + (θM
t )2

]
dt
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Lognormal model under partial information

σS > 0, σY > 0, ρ ∈ [−1, 1], known constants, inferred from 〈S〉, 〈Y 〉, 〈S ,Y 〉
λS , λY are F0-measurable random variables, so would be known constants if
agent had access to filtration F
In full information (completely observable) model, hedger uses F-adapted
strategies

In partial information model, hedger uses F̂-adapted strategies, where F̂ is
filtration generated by S ,Y
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Perfect correlation case

If correlation perfect ρ = 1, λY = λS , and perfect hedge is

∆
(BS)
t =

σY

σS

Yt

St

∂

∂y
BS(t,Yt ;σY ), 0 ≤ t ≤ T

BS-style hedge does not require knowledge of λS , λY
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Completely observable incomplete case

If ρ 6= 1, indifference price at t ∈ [0,T ], is pF (t,Yt), where

pF (t, y) =
1

α(1− ρ2)
log E QM [

exp
(
α(1− ρ2)C (YT )

)∣∣Yt = y
]

(13)

Under QM , Y follows

dYt = σY Yt [(λY − ρλS )dt + dBY ,QM

t

Optimal hedging strategy ∆F
t given by

∆F
t = ρ

σY

σS

Yt

St

∂pF

∂y
(t,Yt), 0 ≤ t ≤ T

Asymptotic expansion of (13) in powers of ε := α(1− ρ2)

pF (t, y) = E QM

[h(YT )|Yt = y ] +
1

2
ε.varQM

[h(YT )|Yt = y ] + O(ε2)

Requires knowledge of λS , λY
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Partial information case

λS , λY are random variables with some prior distribution

ξS
t :=

1

σS

∫ t

0

dSu

Su
= λS t + BS

t , ξY
t :=

1

σY

∫ t

0

dYu

Yu
= λY t + BY

t

or

ξS
t =

1

σS
log

(
St

S0

)
+

1

2
σS t, ξY

t =
1

σY
log

(
Yt

Y0

)
+

1

2
σY t

Consider

Ξt :=

(
ξS

t

ξY
t

)
, 0 ≤ t ≤ T ,

as observation process in Kalman-Bucy filter: noisy observations of “signal
process”

Λ :=

(
λS

λY

)
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Prior

Observation filtration F̂ := (F̂t)0≤t≤T

F̂t = σ(ξS
u , ξ

Y
u ; 0 ≤ u ≤ t), 0 ≤ t ≤ T

Assume Gaussian prior:
Law(Λ|F̂0) = N(Λ0,V0)

Λ0 =

(
λS

0

λY
0

)
, V0 =

(
vS

0 c0

c0 vY
0

)
, c0 := ρmin(vS

0 , v
Y
0 ) (14)

Motivation: agent uses data before time zero to make point estimate of Λ,
and uses distribution of estimator as prior

With historical data for ξS (ξY ) over interval tS (tY ), then unbiased estimator
of Λ is Gaussian according to (14) with λi

0 = λi , and vi
0 = 1/ti , for i = S ,Y
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Observation and signal SDEs

dΞt = Λdt + DdBt , dΛ =

(
0

0

)
where

D =

(
1 0

ρ
√

1− ρ2

)
Bt =

(
BS

t

Z S
t

)
Optimal filter Λ̂t := E [Λ|F̂t ], 0 ≤ t ≤ T , is two conditional expectations

λ̂i
t := E [λi |F̂t ], 0 ≤ t ≤ T , i = S ,Y

Conditional variances and covariance

vi
t := E

[
(λi − λ̂i

t)2
∣∣∣ F̂t

]
, 0 ≤ t ≤ T , i = S ,Y

ct := E
[

(λS − λ̂S
t )(λY − λ̂Y

t )
∣∣∣ F̂t

]
, 0 ≤ t ≤ T
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Covariance matrix

Vt :=

(
vS

t ct

ct vY
t

)
, 0 ≤ t ≤ T

Well known that (Vt)0≤t≤T is deterministic. Introduce notation

mt := min(vS
t , v

Y
t ), Mt := max(vS

t , v
Y
t ), bt :=

Mt − ρ2mt

1− ρ2

Kalman-Bucy filter to converts the partial information model to an equivalent full
information model
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Proposition

Effective full information model on (Ω, F̂T , F̂,P)

dSt = σS St(λ̂S
t dt + dB̂S

t ), dYt = σY Yt(λ̂Y
t dt + dB̂Y

t ) (15)

1 For i , j ∈ {S ,Y }, if m0 = vi
0 < vj

0 = M0, then

λ̂i
t =

λi
0 + m0ξ

i
t

1 + m0t
, λ̂j

t − ρλ̂i
t =

λ̂j
0 − ρλ̂i

0 + b0(ξj
t − ρξi

t)

1 + b0t
(16)

2 If m0 = vS
0 = vY

0 = M0, then

λ̂i
t =

λi
0 + m0ξ

i
t

1 + m0t
, i = S ,Y (17)
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Proposition, continued..

Proposition

Functions vS , vY , c given by

vi
t = mt , vj

t = Mt , ct = ρmt , if m0 = vi
0 < vj

0 = M0, i , j ∈ {S ,Y } (18)

and
vS

t = vY
t = mt = Mt , ct = ρmt , if m0 = vS

0 = vY
0 = M0 (19)

with

mt =
m0

1 + m0t
, bt =

b0

1 + b0t
, 0 ≤ t ≤ T (20)

Michael Monoyios (University of Oxford) Basis risk with random parameters Princeton University, 28 March, 2009 33 / 45



Proof

By Kalman-Bucy filter, Λ̂ satisfies

d Λ̂t = Vt

(
DDT

)−1
(dΞt − Λ̂tdt) =: Vt

(
DDT

)−1
dNt , Λ̂0 = Λ0 (21)

Innovations process N

Nt := Ξt −
∫ t

0

Λ̂udu, 0 ≤ t ≤ T

is F̂-Brownian motion:

Nt =

(
B̂S

t

B̂Y
t

)
, 〈B̂S , B̂Y 〉t = ρt, 0 ≤ t ≤ T (22)

Using this and

d

(
St

Yt

)
=

(
σS St

σY Yt

)
dΞt

gives dynamics (15) of S ,Y in observation filtration
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Proof, continued
Matrix Vt satisfies Riccati equation

dVt

dt
= −Vt

(
DDT

)−1
Vt ,

with V0 given in (14). Then Ft := V−1
t satisfies Lyapunov equation

dFt

dt
=
(
DDT

)−1

solved to give (18), (19) and (20). Use these in filtering equation (21) to get

1 For i , j ∈ {S ,Y }, if m0 = vi
0 < vj

0 = M0,

d λ̂i
t = mtdB̂ i

t = mt(dξi
t − λ̂i

tdt), λ̂i
0 = λi

0,

d(λ̂j
t − ρλ̂i

t) = bt(dB̂ j
t − ρdB̂ i

t ) = bt [d(ξj
t − ρξi

t)− (λ̂j
t − ρλ̂i

t)dt]

with λ̂j
0 = λj

0
2 If m0 = vS

0 = vY
0 = M0,

d λ̂i
t = mtdB̂ i

t = mt(dξi
t − λ̂i

tdt), λ̂i
0 = λi

0, i = S ,Y

From these SDEs obtain (16) and (17)

�
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Summary

Abusing notation, we have

λ̂S
t ≡ λ̂S (t,St), λ̂Y

t ≡ λ̂Y (t,St ,Yt), if vS
0 < vY

0

λ̂S
t ≡ λ̂S (t,St), λ̂Y

t ≡ λ̂Y (t,Yt), if vS
0 = vY

0

λ̂S
t ≡ λ̂S (t,St ,Yt), λ̂Y

t ≡ λ̂Y (t,Yt), if vS
0 > vY

0

(23)

d λ̂S
t = mtdB̂S

t , d λ̂Y
t − ρd λ̂S

t = bt(dB̂Y
t − ρdB̂S

t ), if vS
0 < vY

0

d λ̂S
t = mtdB̂S

t , d λ̂Y
t = mtdB̂Y

t , if vS
0 = vY

0

d λ̂Y
t = mtdB̂Y

t , d λ̂S
t − ρd λ̂Y

t = bt(dB̂S
t − ρdB̂Y

t ), if vS
0 > vY

0

(24)

Intuition: estimation of drift of (geometric) Brownian motion depends only on
length of time interval for which it is observed
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Exponential hedging in effective full information model

We have model with random drifts given by (23) and (24) (in limit
vS → 0, vY → 0, we recover standard full information model)

So simply make replacements

F→ F̂, B i → B̂ i , λi → λ̂i , i ∈ {S ,Y }

in Markovian basis risk model with random parameters

For explicit results, consider case in which

vS
0 ≤ vY

0 ⇔ λ̂S
t ≡ λ̂S (t,St)

so that QE = QM , and take σS , σY , ρ constant

Marginal price and hedge computable in closed form since, under QM , log YT

is Gaussian
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Lognormal distribution for YT

Proposition

Under QM , conditional on St = s,Yt = y, log YT ∼ N(µ,Σ2), where
µ ≡ µ(t, s, y) and Σ2 ≡ Σ2(t) are given by

mu(t, s, y) = log y + σY

(
λ̂Y (t, s, y)− ρλ̂S (t, s)− 1

2
σY

)
(T − t)

Σ2(t) =
[
1 + (1− ρ2)bt(T − t)

]
(σY )2(T − t)

with bt = mt if vS
0 = vY

0

Gives BS-style formulae for marginal price and hedge. Higher order corrections
easily computable too
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Proof.

Use Itô and SDEs for Y and λ̂Y
t − ρλ̂S

t under QM : for t < T ,

log
YT

Yt
= σY

∫ T

t

(
λ̂Y

u − ρλ̂S
u

)
du − 1

2
(σY )2(T − t) + σY

∫ T

t

dB̂Y ,QM

u (25)

where B̂Y ,QM

= ρB̂S,Q +
√

1− ρ2Ẑ S . Dynamics of λ̂Y
t − ρλ̂S

t under QM are

d(λ̂Y
t − ρλ̂S

t ) =
√

1− ρ2btdẐ S
t

Hence, for u > t, after changing the order of integration in a double integral, we
have∫ T

t

(
λ̂Y

u − ρλ̂S
u

)
du =

(
λ̂Y

t − ρλ̂S
t

)
(T − t) +

√
1− ρ2

∫ T

t

bu(T − u)dẐ S
u

Insert into (25) to yield result
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Numerical experiments

Simulation study: generate asset price paths over [−t0,T ] (so take vY
0 = vS

0 )

Use data over [−t0, 0] to estimate drifts, and so set prior at time 0

Sell put at time 0 for pM (0,S0,Y0) and optimally hedge over [0,T ],
incorporating updating from filtering

Generate terminal hedging error, and repeat over many paths to generate
terminal hedging error distribution

Compare with BS-style hedge, and also with results in absence of filtering
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Parameters

t0 = 1, δt = 1/504 T = 1
S−t0 = 80, Y−t0 = 80
λS = 0.3, σS = 0.2, λY = 0.4, σY = 0.25, ρ = 0.75
α = 0.01, K = 100
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Using marginal price and associated hedge

Table: Hedging error statistics (as percentage of premium): 〈S0〉 = 84.88, 〈Y0〉 = 86.25,
〈pM

0 〉 = 19.98, 〈θM
0 〉 = −0.5885; 〈pBS

0 〉 = 19.96, 〈∆BS
0 〉 = −0.8397; 〈pNF

0 〉 = 19.75,
〈∆NF

0 〉 = −0.6284

Mean SD Median
Optimal Hedge 0.1948 0.5141 0.1834
BS Hedge 0.1143 0.6674 0.0873
Unfiltered Hedge 0.1613 0.5623 0.1567
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With higher correlation, ρ = 0.9

Table: Hedging error statistics, ρ = 0.9. 〈S0〉 = 84.90, 〈Y0〉 = 86.31, 〈pM
0 〉 = 19.75,

〈θM
0 〉 = −0.7325; 〈pBS

0 〉 = 19.91, 〈∆BS
0 〉 = −0.8414; 〈pNF

0 〉 = 19.64, 〈∆NF
0 〉 = −0.7547

Mean SD Median
Optimal Hedge 0.1416 0.3948 0.1014
BS Hedge 0.1116 0.4413 0.0678
Unfiltered Hedge 0.1226 0.4004 0.0846
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Further questions

General case, with random parameters and QE 6= QM

Relationship with risk tolerance, and general representation for asymptotic
expansions when dom(U) = R
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