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The Problem

» Futures price: F(t) = F(0) + at + o W/(t).
Cumulative purchases of futures contracts: L(t).

No. of futures contracts held: Y(t) = Y(0—) + L(t) — M(t).

>
» Cumulative sales of futures contracts: M(t)
>
» Cash in money market (total capital):

dX(t) = Y(t) dF(t)—A(dL(t)+dM(t))+rX(t) dt—c(t)X(t) dt.

Parameter assumptions:
a>0, >0, r>0 A>0.
Introduce trading proportional to total capital:

dL(t) = X(t—)dl(t), dM(t)= X(t—)dm(t).
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The Problem (continued)

» Solvency region: S = {(x,y) : x — Aly| > 0}.
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» Solvency region: S = {(x,y) : x — Aly| > 0}.
» Utility function:

1

U(C)2 ——CYP ifp>0,p#1.

I1-p
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The Problem (continued)

» Solvency region: S = {(x,y) : x — Aly| > 0}.
» Utility function:
1

u(c) 2 1fpcl—P if p>0,p+#1.

» Value function:

v(x,y) = sup E/OO e_ﬁtU(c(t)X(t)) dt V(x,y)eS.

f,m,c 0
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The Problem (continued)

» Solvency region: S = {(x,y) : x — Aly| > 0}.
» Utility function:
1

u(c) 2 1fpcl—P if p>0,p+#1.

» Value function:

v(x,y) = sup E/ e_ﬁtU(c(t)X(t)) dt V(x,y)eS.
{,m,c 0
» Homotheticity: For v > 0,

1—

v(yx,vy) =7 " Pv(x,y).
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If transaction cost were zero

If A\ were zero, the value function would be

1
VO(X) = EA_PXI_P Vx Z 0,
where

Ao B—rl=p) a?(1-p)

p 2072
The optimal investment proportion would be

Y (1)

RAC/ I

X(t)

«
op’
The optimal consumption proportion would be c(t) = A

11 /40



y
Futures Sell //
Futures ,
Region  ,~ :/ N
o
X““}’/ Transaction
/%Q/,] _  Region
+//,// 40
AR \
7 X -
’,3”:/9&&/\/\/&
- ylx
Buy
Futures _t
Region Money Market
S
X
z
\



Some history

» Magill & Constantinides, J. Econ. Theory 1976. Posed
problem.
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>

Magill & Constantinides, J. Econ. Theory 1976. Posed
problem.
Davis & Norman, Math. Oper. Research 1990. Rigorous
analysis.
Shreve & Soner, Ann. Appl. Prob. 1994. Viscosity solution
analysis. Loss in value function shown to be O(\?/3).
Whalley & Wilmott, Math. Finance, 1997. Heuristic
asymptotic expansion of value function in powers of A3,
Janelek & Shreve, Finance and Stochastics, 2004. Viscosity
solution derivation of two terms in value function expansion.
Rogers, Mathematics of Finance 2004. Simple heuristic
probabilistic explanation of O(A%) effect.
This talk A rigorous probabilistic explanation of O()\%).
Reasons to do this:

(a) Attempt to escape the Markov bonds.

(b) Probability is more fun.
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Outline of approach

For a arbitrary control policy, define the investment proportion

Y ()

0(t) X(0)

[I>

The optimal consumption is a function c*(6*(t)) of the optimal
investment proportion 6*(-).
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Outline of approach

For a arbitrary control policy, define the investment proportion

Y ()

X(t)

[I>

0(t)

The optimal consumption is a function c*(6*(t)) of the optimal
investment proportion 6*(-).
Evolution of (t):

do(t) 0(t)( —r+c(0(t)) — ab(t) + 0?6%(t)) dt — o6?(t) dW(t)

+ (14 A0(t)) de(t) — (1 — N6(t)) dm(t).

The optimal 0(-) is a doubly-reflected diffusion in

01 — wi), (1 + wj)].

We know the form of the optimal policy. We only need to find wy,
wj and c*(+).
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Outline of approach (continued)

To find wy, w3 and ¢*(-):

» Fix a function ¢(-), and “small” positive numbers w; and ws.

> Let 0(t) be the correspoding diffusion with reflection at the
boundaries of [#(1 — w1),0(1 + wy)].

» Estimate the expected utility associated with this
consumption and investment strategy.

» Optimize over wi, wy and ¢(+). This involves balancing
displacement loss and transaction loss.
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The investment ratio process

Fix ¢(-), w1 and wy. Define 6(t) by

do(t) = 0(t)(—r+c(0(t)) — ab(t) + 0?0%(t)) dt — ob>(t) dW(t)
+di(t) — dm(t).

v!here ¢ andﬁﬁ cause reflection at the boundaries of
[0(1 — wy),0(1 + wy)].
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The investment ratio process

Fix ¢(-), w1 and wy. Define 6(t) by

do(t) = 0(t)(—r+c(0(t)) — ab(t) + 0?0%(t)) dt — ob>(t) dW(t)
+di(t) — dm(t).

v!here ¢ andﬁﬁ cause reflection at the boundaries of
[0(1 — wy),0(1 + wy)].

The pushing processes / and m that cause 6 to reflect will be
related to trading processes £ and m by formulas

(L+X0(1—wy))l(t) = (), (1—X0(1+ wo))m(t) =m(t),

but for now we have only the process 6(t), not the processes X(t),
Y (t) nor the trading processes ¢ and m.
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Displacement loss
One can show a priori that
c*(-) = Constant + O(\).

This permits us to replace ¢(-) by a constant ¢ and then optimize
over the constant c.

27 /40



Displacement loss
One can show a priori that
c*(-) = Constant + O(\).
This permits us to replace ¢(-) by a constant ¢ and then optimize

over the constant c.

Choose a constant c. Take Xp(0) = X1(0) = 1.

28 /40



Displacement loss
One can show a priori that
c*(-) = Constant + O(\).

This permits us to replace ¢(-) by a constant ¢ and then optimize
over the constant c.

Choose a constant c. Take Xp(0) = X1(0) = 1.
» Consider investment ratio # and and no transaction cost:

dXo(t) = Xo(t)[(r —c+ ab)dt+ o dW(t)],

w = E / e PtU(cXo(t)) dt.
0
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Displacement loss
One can show a priori that
c*(-) = Constant + O(\).

This permits us to replace ¢(-) by a constant ¢ and then optimize
over the constant c.

Choose a constant c. Take Xp(0) = X1(0) = 1.
» Consider investment ratio # and and no transaction cost:

dXo(t) = Xo(t)[(r —c+ ab)dt+ o dW(t)],
oo
u = E/ e_ﬁtU(ch(t)) dt.
0
» Consider investment ratio (-) and no transaction cost:
dXi(t) = Xi(t)[(r — c+ ab(t)) dt + ob(t) dW(t)],
m o= ]E/ e PtU(cXu(t)) dt.
0
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Theorem
The displacement loss is
072
uop(l — p)o<b
6(pA+ (1 - p)c)

(wi

Up — up = *W1W2+W22)+O((W1—}—W2)3).

METHOD OF PROOF: Use the maximal martingale inequality and
a change of measure trick due to Chris Rogers.

Remark
In the case wy = wa 2 w, The displacement loss is O(w?), which
is increasing in w.
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Outline of displacement loss proof

Compute directly
XIP(1) = Z(1)-EXy7P(1)

- exp {(1 —p)o /Ot (6(u) — 0) dW(u)
—5a-0? [ (00 -0)"au.

Z(t) = exp {(1 ~ p)oBW(t) — %(1 - p)20202t} ,

W(t) = W(t)—(1- p)obt.

EX; P(t) = EXol_p(t)Eexp{ ...... }
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Outline of displacement loss proof (continued)

Furthermore,
df(t) = (Bounded drift) dt — o?(t) dW(t) + di(t) — dm(t).
Asymptotically as wy | 0 and wy | 0, 6(t) is uniformly distributed

in [0(1 — wy),0(1 + wy)] under P. Therefore, we can compute the
needed terms in the asymptotic expansion in wy and ws of

Eexp {(1 - p)a/ot (0(u) — ) W (u)
%(1 — p)o? /: (6(u) - 0)? du} .
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Transaction cost loss

» We just considered investment ratio 6(-) and no transaction
cost:

dXi(t) = Xu(t)[(r— c+ab(t)) dt + o6(t) dW(t)],
u = ]E/Ooe_ﬁtU(ch(t)) dt.
0

34 /40



Transaction cost loss

» We just considered investment ratio 6(-) and no transaction
cost:

dXi(t) = Xu(t)[(r— c+ab(t)) dt + o6(t) dW(t)],
u = ]E/Ooe_ﬁtU(ch(t)) dt.
0

» Now consider investment ratio 6(-) and payment of
transaction cost:

dXo(t) = Xo(t)[(r — c+ ab(t)) + od(t) dW(t)
—A(dl(t) + dm(1))],

uw = IE/ e PtU(cXa(t)) dt.
0
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Theorem
The transaction loss is

—3
ug(1 — p)o6 A < A2 )
= - oN+o0(—2 ).
t = pPA+(1—p)c wi+wy o+ (w1 + wp)?

METHOD OF PROOF: Detailed analysis of the “pushing
processes” /(t) and m(t).

Remark
The transaction cost is decreasing in wy and ws.
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Outline of transaction loss proof
We have
X{7P(t) = X3P (1)
= X}P(1) [1 _ eﬂ(l—p)(amm(r»}

= Z(t)-ex {(1— (r—c+a9 ;p0292(u)> du}
[1—e A(=p)(L(t)+m t))
~ Z(t)-exp {(1— r—c+a9—fpa 92> du}
[1_6 M1-p)(K( r))
where
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Outline of transaction loss proof (continued)

Estimate
Hg{f(t)(1__e*Aﬂ*PXKt%HﬂUD)}
_ @{(lfe—kawuwmw»ﬂ
= A1 - p)E[((t) + m(t)] + Remainder.
Show that

(1— p)o2f At

A1 - P)INEV(t) + m(t)] ~ wy + wo

and “Remainder” is negligible.
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Main result

Theorem
For initial capital 1, the optimal value in the problem with positive
transaction cost \ is

0_258/3 9p 1/3
vo(1) — ATTr <32> NP+ 0(N/0),

where vy is the value in the problem with zero transaction cost.

METHOD OF PROOF: Minimize sum of losses.

39 /40



Outline of proof of main result

Sum of largest terms in displacement loss and transaction loss is

GA
G(w? — + w2) + . Total Loss
1(wf —wiwz + wy) . ( )
Therefore,
0 GA
——Total L ~ G(2w; — -
o otal Loss 12w — wp) (s w2
0 GA
——Total L ~ G(2wy — -
B otal Loss 1(2we — wy) TR

Set derivatives equal to zero to get

Wy R W & (42(_1) -0 ()\1/3> '

Substitute into (Total Loss) to see that total loss is O (1\?/3).
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