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Introduction



Affine Diffusion Models

dY (t) = p(t)dt + o(t)dW (1)

u(t) and o(t)o(t)' are affine functions of Y (¢)
Why affine models? Modeling flexibility 4+ Tractability

Examples

e Vasicek: dY (t) = a(b—Y(t))dt + cdW (1)
e Cox-Ingersoll-Ross: dY (t) = a(b—Y (t))dt + o/ Y (t)dW (1)

e Heston: W(t) 2-dimensional Brownian motion with
correlation p, S(t) = exp(Ya(t))

dYi (t) — Oz(b — Y (t))dt +ov/ Y1 (t)dW1 (t)
AYa(t) = (r — Yi(t)/2)dt + /Y5 (8)dWa(t)



Transform Formula

1. Tractability of Affine Models

—Semi-analytical Bond or Option pricing formula via Fourier
inversion

2. Duffie, Pan, Singleton, Econometrica 2000
—Affine Jump-Diffusion Models under regularity conditions
Eexp(u-Y(t)) = exp (z(t) + y(t) - Y(0))

—x(t), y(t): solutions of a system of ODEs

3. Duffie, Filipovic, Schachermayer, Annals of App. Prob. 2003

—Admissible parameters = Fourier transform holds



Objectives

1. Moment Explosions (Andersen and Piterbarg, Fin. and
Stoch. 07)
—Moment explosions for SV models

dV; = k(0 — V;)dt + eVPdW}
dX: = AXeVVidW}
2. Tail Behavior of u-Y;: ¢(0) :=Ee’*, X >0 a.s. and 6 >0
o If ¢(6) = o0 for all 8 > 0, X is heavy-tailed
o If ¢(0) < oo for 0 < 0y, X has exponentially bounded tails
o If ¢(0) < oo for all 8, X is light-tailed

3. Limiting stationary distribution Y



Canonical Affine
Diffusions



Canonical Models

Dai and Singleton, Journal of Finance 2000
(econometric identifiability)

Canonical Affine Diffusions: restrictions on parameters to
identify . =a+b-V; +c¢- X,

—Volatility factors (dimension m)

dVy = K1(©1 — V4)dt + \/diag(Vt)thl

—Dependent factors (dimension n)

dX; = (KQ(@Q — Xt) — Kg‘/t) dt + \/diag(l + MVt)dWE

— Ap(m +n)



Theorem 1

For given u € R™™ and ¢t > 0 (Y = (V, X)),

Eexp(u-Y:) < 00? & |z(t)] < 00?

(22

t=Ax+ B , x(0) =u/2
\x%—km)
K! Kj I M'
A=— , B= > 0
0 K, 0 O

Eexp(u-Y:) = exp (2 f(f A - x(s)ds + 2 fg |z (s)|?ds + 2z (t) - YO)




Implication 1

r=Axz+ B

\ @i/
1. 2(0) =0 = «z(t) = 0: origin is an equilibrium

2. Jacobian at the origin J(0) = A: negative eigenvalues

—> lim; z(t) = 0 whenever z(0) € U some neighborhood of the
origin
3. For any v and ¢, Eexp(fu - Y:) < oo for small 6

— u - Yy cannot have heavy tails



Implication II

St :=A{u: |x(t)| < oo}

u - Yy has light left and light right tails

)
Eexp(fu-Y:) < oo for all 6 e R
)
Ou/2 € Sy for all 8 € R
(CIR, OU) Heston-like
dVi = (my — 2Vy)dt + VVidW} | dV, = (m1 — 2V;)dt + /V;dW}

dX; = (mg — 2X3)dt + dW2

dX; =

(mg — 2X3)dt + /1 + VidW/




Y: =(CIR, OU), S;:={u: |z(t)| < oo}
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e u=(1,0) = u-Y; =CIR
e u=(0,1) = u-Y; =0U

e u-Y; has light tails if and only if u1 =0



Y; =Heston-like, S; := {u: |x(t)| < oo}

e For any u, u-Y; has exponentially bounded tails



Stationary Distribution



Examples

1. Vasicek: dY(t) = a(b—Y (t))dt + odW (t), Y/o € Ay(1)

Y(t) ~ N <eo‘t(Yo —b) + b, % (1- em))

2
Yoo ~ N (b, J)

20

2. Cox-Ingersoll-Ross: dY (t) = a(b— Y (t))dt + o/Y (t)dW (1),
Y/o? € A1(1)

Y(t) ~

2 _ —at ) 4 —at
o(1 —e ) 2< ae Y(O)), a=2

4oy = o2(1 — e—)

2

u\ —4a/2
Yoo ~ O-—Xc%a Ee*“Y> = (1 - _) , U<«
4oy Q



T heorem 2

d! limiting stationary distribution Y. for any Yy € R’ x R".

Ee“Ye =exp (2 [[7A-z(t)dt + 2 [;° |z%(t)]*dt)

for u €= {u : Ee* ¥~ < co}. Moreover,
S={u: tlim z(t) = 0,2(0) = u} = {u/2 : Ee¥ > < oo}

t=Az+ B (27,...,20.,), x(0)=u/2

Implication

1. Stability region: open set containing the origin = u - Y
never achieves a heavy tail

2. u- Yy has a light tail iff 0u € S for all 8 € R



Example I A(2)

dVy = (m1 — 2V4)dt + \/thth T1 = —2x1 + .CU% + :E%
<~

dX; = (mQ -+ TXt)dt +v1+ thWtQ To = Tx9
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Example II A;(2)

dV; = (m1 - QW)dt -+ \/_dW1 o r1 = —2x1 + 9 + :U%

dX; = (m2 + Vi + T‘Xt)dt - dW? To = Txo




Gaussian Conditions



Jordan Canonical Form of —K,

dX; = (K2(02 — X)) — K3Vi) dt + \/diag(1 + MV;)dW/

A1,..., M\ distinct eigenvalues of —K,
— 3 P s.t. PY(—K,))P =J where

( J1 \ ( J! \

SR RN

J7: Jordan blocks associated with A\

gx,: geometric multiplicity = dim Ker(—K, — \;I) = the number
of Jordan blocks for \;

ay,: algebraic multiplicity = Y dim J/ = dim J,



Useful Matrices

Define N; = J;, — \; I, u = P 1ly*

/@\

W:: wy :[Wl“Wk}7 ’&,: : '&/ZERGJAZ

~Kj P

\ /

wi, ..., w;: g-th rows of P for g € J = {q : dp s.t. MZL#O}

Wit the first ay, columns of W, Ws: the next a),, columns, etc.



Theorem 3

For any given t > 0 and u € R,

Eef"Yt <« oo for all 8 € R
if and only if ©¥" =0 and
W;N/@' =0, 1=0,...,ax,—1, i=1,...,k

Moreover, u - Y; has a Gaussian distribution if and only if these
conditions hold.

Remark

To achieve a light tail (in this case, Gaussian), we remove all
the dependence on V factors from u-Y; =u" - V; +a* - (P'Xy)
and this dependence is captured by the above conditions.



Example A;(3)

dYp, = (77?,1 — Y1)dt -+ / Y1th1
dYo = (m2+aY) — Ya)dt + dW/
dYz = (ms3+ bY1 + cYs — Y3)dt + dW}

For no explicit dependence on Yi, u = (0,u2,u3). Then,
d(u-Y) = (A + (aug + buz) Y1 + cusYs — u - Y)dt + uodW? + usdW,;

® augs +buz =0 (*)
o If a £0, then cuz =0
e If a 20 and ¢ =0, then u-Y; is Gaussian under (*)

e If a 20 and ¢ # 0, then us =u3 =0: no u-Y is Gaussian



Example A;(4)

(2 0 0 )

—KQZ 0 )\1 0

\ 0 0/\2)

d(uw™ Xy) = [u¥ (K2©2) = > uf(K3);Vi+ ) uf Xy | dt
J J

+ Z uf\/l + MthdeQ(t)
J

= For no (explicit) dependence on V/,
(1) «¥ =0,
(2) >, us (K3); =0
(3) w¥ =0 forall j € J={j: M+#0}



However, this is not enough.

d (’LLX : Xt) — (uX : (KQ@Q) + A\ (uX : Xt) —+ ()\2 — Al)ngt,g) dt
+) uXdW (L)
IE€T

If X3 depends on V, then u-Y is not free of V = wug' = 0:

d (uX X)) = (uX - (K202) + A1 (uX - X¢)) dt + Z udef(t)
J¢T



Conclusion



Summary

e [ he transform formula as in DPS holds unconditionally for
the canonical affine diffusion models

e u - Y; has necessarily tails with exponential decay or
Gaussian distribution and this Gaussian case is achieved
when u satisfies certain constraints

e Canonical models admit limiting stationary distributions Y.
and they are characterized by MGFs, which in turn are
expressed using solutions to Riccati ODEs

e [ he region of finite exponential moments of Y coincides
with the stability region of the associated ODEs

e [ he stability region S of the origin shows the tail behaviors
of u- Yy at least qualitatively



T hank You!



